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ON MULTIPARTITE HAJNAL-SZEMEREDI THEOREMS 



JIE HAN AND YI ZHAO 



^\J Abstract. Let G be a fc-partite graph with n vertices in parts such that each vertex is adjacent 

to at least 5*(G) vertices in each of the other parts. Magyar and Martin |20| proved that for fc = 3, 

if <5*(G) > jii + 1 and n is sufficiently large, then G contains a i\3-factor (a spanning subgraph 

£Nj ' consisting of n vertex-disjoint copies of K3). Martin and Szemeredi 12 II proved that G contains 

. x a i\4-factor when 8*(G) > 4n and n is sufficiently large. Both results were proved using the 

fl\ , Regularity Lemma. In this paper we give a proof of these two results by the absorbing method. 

QOur absorbing lemma actually works for all fc > 3 and may be utilized to prove a general and tight 
multipartite Hajnal-Szemeredi theorem. 



1. Introduction 



o 

Let H be a graph on h vertices, and let G be a graph on n vertices. Packing (or tiling) problems 
in extremal graph theory are investigations of conditions under which G must contain many vertex 
disjoint copies of H (as subgraphs), where minimum degree conditions are studied the most. An 
iJ-matching of G is a subgraph of G which consists of vertex-disjoint copies of H . A perfect H- 
matching, or H-factor, of G is an 7?-matching consisting of [n/h\ copies of H. Let K^ denote the 
complete graph on fc vertices. The celebrated theorem of Hajnal and Szemeredi [6] says that every 
n- vertex graph G with S(G) > (k — l)n/k contains a iv^-factor (see [11] for another proof). 
r-^«. , Using the Regularity Lemma of Szemeredi [25], researchers have generalized this theorem for 

packing arbitrary H p] [XSJ [24] [16] . Results and methods for packing problems can be found in the 
VO , survey of Kiihn and Osthus [T7] . 

In this paper we consider multipartite packing, which restricts G to be a fc-partite graph for k > 2. 
A fc-partite graph is called balanced if its partition sets have the same size. Given a fc-partite graph 
G, it is natural to consider the minimum partite degree S*(G), the minimum degree from a vertex 
in one partition set to any other partition set. When fc = 2, S*(G) is simply 5(G). In most of the 
rest of this paper, the minimum degree condition stands for the minimum partite degree for short. 

Let Qk (n) denote the family of balanced fc-partite graphs with n vertices in each of its partition 
sets. It is easy to see (e.g. using the Konig-Hall Theorem) that every bipartite graph G £ G2{n) 
with S*(G) > n/2 contains a 1-factor. Fischer [5] conjectured that if G £ Gk(n) satisfies 



S*(G) > *^n, (1) 

then G contains a .K^-factor and proved the existence of an almost iffe-factor for fc = 3,4. Magyar 
and Martin [20] noticed that the condition (Q} is not sufficient for odd fc and instead proved the 
following theorem for fc = 3. (They actually showed that when n is divisible by 3, there is only one 
graph in Q3 (n), denoted by r3(n/3), that satisfies ([T]) but fails to contain a ^3-factor, and adding 
any new edge to r 3 (n/3) results in a iv3-factor.) 
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2 JIE HAN AND YI ZHAO 

Theorem 1 ( 20 ) . There exists an integer no such that If n > no and G *E G3 (n) satisfies 6* (G) > 
2n/3 + 1, i/ien G contains a K^-f actor. 

On the other hand, Martin and Szemeredi [21] proved the original conjecture holds for k = 4. 

Theorem 2 ([21 ). There exists an integer no such that if n> no and G G G&(n) satisfies S*(G) > 
3n/4, t/ien G contains a K^-factor. 

Recently Keevash and Mycroft [5j and independently Lo and Markstrom [TI5] proved that Fischer's 
conjecture is asymptotically true, namely, 8*{G) > ^^-n + o(n) guarantees a ^-factor for all k > 3. 
Very recently, Keevash and Mycroft 10 improved this to an exact result. 

In this paper we give a new proof of Theorems [1] and by the absorbing method. Our approach 
is similar to that of |19| (in contrast, a geometric approach was employed in [5j). However, in order 
to prove exact results by the absorbing lemma, one needs only assume S*(G) > (1 — l/k)n, instead 
of 5*(G) > (1 — 1/k + a)n for some a > as in pjjj. In fact, our absorbing lemma uses an even 
weaker assumption 5*(G) > (1 — 1/k — a)n and has a more complicated absorbing structure. 

The absorbing method, initiated by Rodl, Rucihski, and Szemeredi [23], has been shown to 
be effective handling extremal problems in graphs and hypergraphs. One example is the re-proof 
of Posa's conjecture by Levitt, Sarkozy, and Szemeredi [18], while the original proof of Komlos, 
Sarkozy, and Szemeredi [13) used the Regularity Lemma. Our paper is another example of replacing 
the regularity method with the absorbing method. Compared with the threshold n in Theorems [1] 
and [5] derived from the Regularity Lemma, the value of our n is much smaller. 

Before presenting our proof, let us first recall the approach used in J5D[ [5T] . Given a /c-partite 
graph G £ Gk{n) with parts V\, . . . , Vk, the authors said that G is A-extremal if each Vj contains 
a subset A of size \n/k\ such that the density d(Ai,Aj) < A for all i ^ j. Using standard but 
involved graph theoretic arguments, they solved the extremal case for k — 3,4 [20] Theorem 3.1], 
J2T1 Theorem 2.1]. 

Theorem 3. Let k = 3,4. There exists A and no such that the following holds. Let n > no and 
G £ Gk{n) be a k-partite graph satisfying 5*(G) > (2/3)n + 1 when k = 3 and {l} when k — 4. If G 
is A-extremal, then G contains a K^-factor. 

To handle the non-extremal case, they proved the following lemma ([201 Lemma 2.2] and [2"T1 
Lemma 2.2]). 

Lemma 4 (Almost Covering Lemma). Let k = 3,4. Given A > ; there exists a > such that for 
every graph G £ Gk(n) with S*(G) > (1 — \/k)n — an either G contains an almost K^-factor that 
leaves at most C = C(k) vertices uncovered or G is A-extremal. 

To improve the almost ^-factor obtained from Lemma 21 they used the Regularity Lemma and 
Blow-up Lemma [14] . Here is where we need our absorbing lemma whose proof is given in Section 
2. Our lemma actually gives a more detailed structure than what is needed for the extremal case 
when G does not satisfy the absorbing property. 

We need some definitions. Given positive integers k and r, let Okxr denote the graph with vertices 
dij, % = 1, . . . , k, j = 1, . . . ,r, and a%j is adjacent to avji if and only if i ^ {' and j =/= j' . In addition, 
given a positive integer t, the graph &kxr(t) denotes the blow-up of Ofcxr, obtained by replacing 
vertices a^ with sets Ay of size t, and edges a^ai* y with complete bipartite graphs between Ay 
and A41J1. Given e, A > and t > 1 (not necessarily an integer), we say that a fc-partite graph G is 
(e, A)-approximate to &kxr{t) if each of its partition sets Vi can be partitioned into U i=1 Vij such 
that \\Vij\ — 1\ < et for all i, j and d(Vij, Vi' j) < A whenever i ^ i'fl 



Here we follow the definition of (e, A)-approximation in 20 21 . ft seems natural to require that d(Vij, V^/,/) > 
1 — A whenever i 7^ i 1 and j 7^ j' as well. However, this follows from d(Vij, Vi/j) < A (i j^ i') when S*(G) > (1 — l/r)rt. 
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Lemma 5 (Absorbing Lemma). Given k > 3 and A > 0, there exists a = a(k, A) > and an 
integer n\ > such that the following holds. Let n > n\ and G £ Qk{n) be a k-partite graph on 
V\ U • • • U Vk such that S*(G) > (1 — l/k)n — an. Then one of the following cases holds. 

(1) G contains a Kk-matching M of size \M\ < 2(fc — l)a Ak ~ 2 n in G such that for every 
W C V\V(M) with \W H Vx] = ■ ■ • = \W n V k \ < a sk - 6 n/4:, there exists a K k -matching 
covering exactly the vertices in V(M) U W . 

(2) We may remove some edges from G so that the resulting graph G' satisfies <5*(G") > (1 — 
l/k)n — an and is (A/ 6, A/ 2) -approximate to 6fcxfc(f0- 

The i^-matching M in Lemma[5]has the so-called absorbing property: it can absorb any balanced 
set with a much smaller size. 

Proof of Theorems\j\ and\^ Let k = 3,4. Let a <C A, where A is given by Theorem[3]and a satisfies 
both Lemmas 2] and [5] Suppose that n is sufficiently large. Let G £ Gk (n) be a fc-partite graph 
satisfying 5*(G) > (2/3)n + 1 when k = 3 and (QJ when k = 4. By Lemma either G contains 
a subgraph which is (A/6, A/2)-approximate to Qkxkij:) or ^ contains an absorbing Xfc-matching 
M. In the former case, for i = 1, . 
set Ai C Vi of size \n/k\ . For i ^ «', we have 



, fc, we add or remove at most 4? vertices from I^i to obtain a 



e(^, A*,) < e(VJi, Via) + -^r{\M + \A 
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which implies that d(Ai,Ai') < A. Thus G is A-extremal. By Theorem^ G contains a iffc-factor. 
In the latter case, G contains a ^-matching M is of size \M\ < 2(k — l)a 4k ~ 2 n such that for 
every W C V\V(M) with \W (~)Vi\ = ■ ■ ■ = \W nV k \ < a 8k ~ 6 n/4, there exists a ^-matching on 
V(M) U W. Let G' = G\ V{M) be the induced subgraph of G on V{G) \ V(M), and n' = \V(G')\. 
Clearly G' is balanced. As a C 1, we have 

S*(G') > S*(G) - \M\ > (l - ^) n - 2(Jb - l)a 4fe - 2 n > (l - t ~ 

By Lemma H G" contains a if fe -matching M' such that \V(G') \ V(M')\ < C. Let W = V(G') \ 
V(M'). Clearly \W D Vi| = • • ■ = \W D V k \. Since C/fc < a sk - 6 n/4 for sufficiently large n, by 
the absorbing property of M, there is a K^-matching M " on F(Af ) U W. This gives the desired 
^-factor M' U A/" of G. □ 

Remarks. 

• Since our Lemma [5] works for all fc > 3, it has the potential of proving a general multipartite 
Hajnal-Szemeredi theorem. To do it, one only needs to prove Theorem [3] and Lemma |4] for 
fc > 5. 

• Since our Lemma [5] gives a detailed structure of G when G does not have desired absorbing 
iffc-matching, it has the potential of simplifying the proof of the extremal case. Indeed, if 
one can refine Lemma |4] such that it concludes that G either contains an almost ^-factor 
or it is approximate to 6fcxfc(r) an d other extremal graphs, then in Theorem [3] we may 
assume that G is actually approximate to these extremal graphs. 

• Using the Regularity Lemma, researchers have obtained results on packing arbitrary graphs 
in fc-partite graphs, see [551 IHJ 131 12] for k = 2 and [35] for fc = 3. With the help of the recent 
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result of Keevash-Mycroft [9] and Lo-Markstrom [19] , it seems not very difficult to extend 
these results to the k > 4 case (though exact results may be much harder). However, it seems 
difficult to replace the regularity method by the absorbing method for these problems. 

2. Proof of the Absorbing Lemma 

In this section we prove the Absorbing Lemma (Lemma [5]). We first introduce the concepts of 
reachability. 

Definition 6. In a graph G, a vertex x is reachable from another vertex y by a set S C V(G) if 
both G[x U S] and G[y U S] contain Kk- factors. In this case, we say S connects x and y. 

The following lemma plays a key role in constructing absorbing structures. We postpone its proof 
to the end of the section. 

Lemma 7 (Reachability Lemma). Given k > 3 and A > 0, there exists a = a(k,A) > and an 
integer n2 > such that the following holds. Let n > ni and G £ Gk(n) be a k-partite graph on 
V\ U • • • U Vk such that 5*(G) > (1 — l/k)n — an. Then one of the following cases holds. 

(1) For any x and y in Vi, % € [k], x is reachable from y by either at least a 3 n k ~ l (k — l)-sets 
or at least a 3 n 2k ~ l (2k — \)-sets in G. 

(2) We may remove some edges from G so that the resulting graph G' satisfies S*(G') > (1 — 
l/k)n — an and is (A/ 6, A/ 2) -approximate to Okxk(j). 

With the aid of Lemma [3 the proof of Lemma [5] becomes standard counting and probabilistic 
arguments, as shown in [7]. 

Proof of Lemma [31 We assume that G does not satisfy the second property stated in the lemma. 

Given a crossing fc-tuple T = (v\, ■ ■ ■ ,Vk), with Vi S Vi, for i = 1, • • • ,k, we call a set A an 
absorbing set for T if both G[A] and GL4UT] contain iffe-factors. Let C(T) denote the family of all 
2k(k — l)-sets that absorb T (the reason why our absorbing sets are of size 2k(k — 1) can be seen 
from the proof of Claim |8] below) . 

Claim 8. For every crossing k-tuple T, we have \£(T)\ > a 4k ~ 3 n 2k ^ h '~ x ' . 

Proof. Fix a crossing fc-tuple T. First we try to find a copy of Kk containing v\ and avoiding V2, 
. . . , Vk ■ By the minimum degree condition, there are at least 

f[ (n - 1 - (i - 1) ( - + a J n) > f[ (n-(i- 1)| - ((k - l)an + 1) 

such copies of Kk- When n > 3fc 2 and — > 3k 2 , we have (k — l)an + 1 < n/(3k) and thus the 
number above is at least 

t — r / n n \ / n\ — 

H(n-(i-l)~- -)>(-) ,whenfc>3. 

i=2 

Fix such a copy of Kk on {vi,U2,us,- ■ ■ ,Uk}- Consider U2 and V2- By Lemma [7j and the 
assumption that G does not satisfy the second property of the lemma, we can find at least a 3 n fe_1 
(k — l)-sets or a 3 n 2k ~ 1 (2k — l)-sets to connect U2 and V2- If S is a (k — l)-set that connects U2 
and i»2, then S U K also connects U2 and V2 for any fc-set K such that G[K] = Kk and K n S = 0. 
There are at least 

(B - a) g(.- 1 - (< -i,(J + „).) S: = (-p 
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copies of Kk in G avoiding 112, V2 and S. If there are at least a 3 n fc_1 (k — l)-sets that connect U2 
and V2, then at least 

(2k — l)-sets connect U2 and V2 because a (2k — l)-set can be counted at most ( , _~, ) times. Since 
2a 4 < a 3 , we can assume that there are always at least 2a 4 n 2h ~ 1 (2k — l)-sets connecting U2 and 
t>2- We inductively choose disjoint (2k — l)-sets that connects Vi and Uj for i = 2, . . . , fc. For each 
i, we must avoid T, 112, ■ ■ ■ , Ufc, and i — 2 previously selected (2k — l)-sets. Hence there are at least 
2a 4 n 2k ~ 1 - (2k — l)(i - l)n 2k ~ 2 > a 4 n 2k ^ 1 choices of such (2k — l)-sets for each i > 2. Putting all 
these together, and using the assumption that a is sufficiently small, we have 

\C(T)\ > (^) fc_1 • (aV*- 1 )*" 1 > a 4k - 3 n 2 

a 



v 4fc-3 2fc(fc-l) 



Every set S € C(T) is balanced because G[S] contains a Kk-i'&ctor and thus \S fl Vi\ = ■ ■ ■ = 
I'SnVfcl = 2(k— 1). Note that there are ( 2 ()<?-i)) balanced 2k(k— l)-sets in G. Let T be the random 
family of 2k(k — l)-sets obtained by selecting each balanced 2k(k — l)-set from V(G) independently 
with probability p :— a 4k ~ 3 ri 1 ~ 2k ( k ~ 1 \ Then by Chernoff's bound, since n is sufficiently large, with 
probability 1 — o(l), the family J- satisfies the following properties: 



11. 



k 



|^|<2E(|jr|)<2p^ (fe ; i) j <a 4k ~ 2 n, (2) 

1 1 a 8k ~ 6 n 
\L(T) n F\ > -E(\C(T) n F\) > -p\C(T)\ > for every crossing fc-tuple T. (3) 

Let Y be the number of intersecting pairs of members of T . Since each fixed balanced 2k(k— l)-set 
intersects at most 2k(k ~ l)(2(fc"~n_i) (2ffc-i~i) other balanced 2k(k — l)-sets in G, 

By Markov's bound, with probability at least |, Y < a 8fc_6 n/4. Therefore, we can find a family F 
satisfying ([2]), ([3|) and having at most a 8fc_6 n/4 intersecting pairs. Remove one set from each of the 
intersecting pairs and the sets that have no iffc-factor from J 7 , we get a subfamily JF' consisting of 
pairwise disjoint absorbing 2k(k— l)-sets which satisfies \J-'\ < \J-\ < a 4k ~ 2 n and for all crossing T, 

a 8k ~ 6 n a sk ~ 6 n a 8fc " 6 n 



\£(T)nF>\>— —> 



2 4-4 

Since T' consists of disjoint absorbing sets and each absorbing set is covered by a JCfc-matching, 
y(T') is covered by some i^/c-matching M. Since \F'\ < a 4k ~ 2 n, we have \M\ < 2k(k—l)a 4k ~ 2 n/k = 
2(k-l)a 4k - 2 n. Now consider a balanced set W C V(G)\V(T') such that |WnVi| = • • • = |V^nVfc| < 
a sk ~ 6 n/4. Arbitrarily partition W into at most a 8fe_6 n/4 crossing fc-tuples. We absorb each of the 
/c-tuples with a different 2k(k — l)-set from C(T) n T' . As a result, V(F') U W is covered by a 
-Kfc-matching, as desired. 

□ 

The rest of the paper is devoted to proving Lemma [7] First we prove a useful lemma. A weaker 
version of it appears in 21, Proposition 1.4] with a brief proof sketch. 

Lemma 9. Let k > 2 be an integer, t > 1 and t«l. Let H be a k-partite graph on V% U •• • U V& 
such that \Vi\ > (k — 1)(1 — e)t for all i and each vertex is nonadjacent to at most (1 + e)t vertices 
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in each of the other color classes. Then either H contains at least e 2 t k copies of Kk, or H is 
(16fc 4 e 1 / 2 , 16fc 4 e 1 ' 2 ) -approximate to 0fc x (fc-i)(*)- 

Proof. First we derive an upper bound for \Vi\, i G [k]. Suppose for example, that |T4| > (k — 1)(1 + 
e)t + et. Then if we greedily construct copies of Kk while choosing the last vertex from Vfe, by the 
minimum degree condition and e«l, there are at least 

|V X | • (\V 2 \ - (1 + e)t) • ■ ■ (|V5b_i| - (fc- 2)(1 + e)*) • (|V k | - (fc - 1)(1 + e)t) 

>(k - 1)(1 — e)* • (fe — 2 — fee)* ■ • • (1 - (2fc - 3)e)* • e* 

>(fc- 1 - |) (A - 2 - |) ••• (1 - ±)e* & > | i fc 

copies of iffe in i/, so we are done. We thus assume that for all i, 

\Vi\ < (fc - 1)(1 + e)t + et < (fc - 1)(1 + 2c)*. (4) 

Now we proceed by induction on fc. The base case is k — 2. If iJ has at least e 2 t 2 edges, then we 
are done. Otherwise e(H) < e 2 t 2 . Using the lower bound for \Vi\, we obtain that 

Hence H is (2e, e)-approximate to 62xi(*)- When fc = 2, 16/c 4 e 1 / 2 = 256e, so we are done. 

Now assume that k > 3 and the conclusion holds for k — 1. Let iJ be a fc-partite graph satisfying 
the assumptions and assume that iJ contains less than e 2 t k copies of K^. 

For simplicity, write Ni(v) = N(v) n V^ for any vertex v. Let V{ C Vi be the vertices which are in 
at least et fc_1 copies of Kk in H, and let Vi = V\ \ V{. Note that \V[\ < et otherwise we get at least 
e 2 ^ copies of Kk in H . Fix vq € V\. For 2 < i < k, by the minimum degree condition and k > 3, 

|JVi(«o)| > (fc - 1)(1 - e)* - (1 + e)* = (k - 2) M - ^^e) * > (k - 2)(1 - 3e)t. 

On the other hand, following the same arguments as we used for ((4|), we derive that 

|JV 4 («b)|<(fc-2)(l + 2c*). (5) 

The minimum degree condition implies that a vertex in N(vq) misses at most (1 + e)t vertices in 
each Ni(vo). We now apply induction with k — 1, t and 3e on H[N(vq)]. Because of the definition 
of V{, we conclude that N(vq) is (e', e')-approximate to Qtk-i)x(k-2)(t)i where 

e':=16(fc-l) 4 (3e) 1 / 2 " 3 . 
This means that we can partition Ni(yo) into An U • • • A^k—i) f° r 2 < i < fc such that 

\/2<i<k, l<j<k-2, (l-e')t < \A i:j \ < (1 + e')* and (6) 

V 2 < i < i' < fc, l<j<k-2, d{A l] ,A l , J ) < e'. (7) 

Furthermore, let A^ k -i) '■= Vi \ N(vq) for i = 2, - - - , fc. By (|5|) and the minimum degree condition, 
we get that 

(1 - (3k - 5)e)t < \A i{k -i) | < (1 + e)*, (8) 

for i = 2, • • • , fc. 

Let A°- = Vi\Aij denote the complement of A t j. Let e(A, B) — \A\\B\—e(A, B) denote the number 
of non-edges between two disjoint sets A and B, and d(A, B) = e(A, B)/(\A\\B\) = 1 — d(A, B). 
Given two disjoint sets A and B (with density close to one) and a > 0, we call a vertex a 6 A is 
a- typical to B if deg B (a) > (1 — a)|B|. 

Claim 10. Let 2 < i ^ i' < k, 1 < j ^ j' < k - 1. 

(1) d{A t] , A % > r ) > 1 - 3e' and d(,4y,A£.) > 1 - 3e'. 
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(2) All but at most v3e^ vertices in Aij are v '3c' '-typical to Ayy ; at most v3e^ vertices in A^ 
are V '3e' '-typical to A\,-. 

Proof. (1). Since A\, • = Uf^j ^i'i'i the second assertion d(^4y, A\, ■) > 1 — 3e' immediately follows 
from the first assertion d(Aij , Ai> j>) > 1 — 3e'. Thus it suffices to show that d(Aij, A^y) > 1 — 3e', 
or equivalently that d(Aij, Ayy) < 3e'. 

Assume j > 2. By Q, we have e(Ay,A^-) < e'|^j||A^-|. So e^, A^) > (1 - e')|Aj||A^|. 
By the minimum degree condition and ([5]), 

e(A ij ,A$, J )<[(l + e )t-(l-<S)\A i , j \]\A ij \ 

<[(l + e)t-(l-e')(l-e')*]|^il 

<(e + 2e')t| J 4y|, 

which implies that e((A ij: A llf ) < (e + 2e')t|A y | for any j' ^ j and 1 < f < k - 1. By © and ©, 
we have |^4i'j'| > (1 — e')t. Hence 

d{A l0 ,A % , r ) <(e + 20-^- < (e + 2e')^7^ < 3e', 

where the last inequality holds because e<e'< 1. 

(2) Given two disjoint sets A and B, if d(A, B) < a for some a > 0, then at most -y/a|A| vertices 
a E A satisfy deg B (a) < (1 — y/a)\B\. Hence Part (2) immediately follows from Part (1). □ 

We need a lower bound for the number of copies of K k in a dense fc-partite graph. 

Proposition 11. Let G be a k-partite graph with vertex class V\,- ■■ , Vfe. Suppose for every two 
vertex classes, the pairwise density d(Vi, Vj) > 1 — a for some a < (k + 1)~ 4 , then there are at least 
2 Hi \ v i\ copies of K k in G. 

Proof. Given two disjoint sets Vi and Vj, if d(Vi,Vj) < a for some a > 0, then at most y^l^l 
vertices v € Vi satisfy degy. (v) < (1 — ^/a)|l^f|. Thus, by choosing typical vertices greedily and the 
assumption a < (k + 1)~ 4 , there are at least 

(1 - V5)|Vi|(l - 2Vol)\V 2 \ ■ • • (1 - kVa)\V k \ > (1 - (1 + ■ ■ • + k)Va) JJ M > \ II I F *I 
copies of iffe in G. D 

Let e" — 2k\[z' . Now we want to study the structure of V\. 
Claim 12. Given v € Vi and 2 < i < k, there exists j E [k — 1], such that |JVa m (v)| < e"t. 

Proof. Suppose instead, that there exist v G V\ and some 2 < io < k, such that \NA t -(v)\ > e"i for 
all j € [fc — 1]. By the minimum degree condition, for each 2 < i < k, there is at most one j € [k— 1] 
such that |iV,Ay(t>)| < t/3. Therefore we can greedily choose k — 2 distinct ji for i ^ io, such that 
\NAij. (v)\ > i/3. Let jj be the the (unique) unused index. Note that 

w .,. I^«jj ^ (l + O* ^, , I^qj.qI . (1 + eQf ^ 2 

V ^ 10 ' ^-M"^7^ <4 ' and Wa- M--^^ 

So for any i ^ i 1 , by Claim [TU] and the definition of e", we have 
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Since e < e" < 1, by Proposition [TTJ there are at least 

-T\N A ..(v)>-- e"t (-) 2 = -^t k ~ l > et k - 1 

copies of Kk-i in N(v), contradicting the assumption v G Vi. □ 

Note that if deg^. . (v) < e"t, at least |Ajj \ — e"t vertices of Ay are not in N(v). By the minimum 
degree condition, © and ©, it follows that 

\A% \ N(v)\ < (1 + e)t - (| A (J | - e"t) < (1 + e)i - (1 - e')t + e"i < 2e"t. (10) 

Fix a vertex v G Vi. Given 2 < i < fc, let ^ denote the (unique) index such that |iV"A«. (w)| < e"t 



(the existence of £i follows from Claim [T 
Claim 13. We have £ 2 = h = ■ ■ • = Ik- 
Proof. Otherwise, say £2 7^ £3, then we set ji = ^3 and for 3 < i < fc, greedily choose distinct 
jk,jk-i, ■ ■ ■ ,J3 G [k— 1] \ {£3} such that ji 7^ £% (this is possible as j'3 is chosen at last). Let us bound 
the number of copies of K k ^ x in (J*L 2 iV^.. («)■ ByOU we get \N AiJi (v)\ > \A ijt \ - 2e"t > t/2 for all 
i. As in ©, for any i ^ i', we derive that d(N Ai .. (v),N A .,. i (v)) < 3e" • 4 • 4 = 48e". Since e" < 1, 

by Proposition [TTJ we get at least | (|) > et k ~ l copies of A'fc_i in N(v), a contradiction. D 

We define A 1} := {v G Vi : |^ ai («)| < e"*} for j G [fc - 1]. By Claims [JJ and [TJ this yields a 
partition of V\ — [L=i -^-lj such that 

d(%4 ij )<^<-^-<(l + 2e')e" for z > 2 and j > 1. (11) 

By ©, ® and (JlOj) , as (3fc - 5)e < e', we have 

d ~<**^ < toS - (i^ < 3£ " for * - 2 and ^ (12) 

We claim \A\j\ < (1 + e)t + (1 + 2e')e"|Aij| for all j. Otherwise, by the minimum degree condition, 
we have deg Ai .(v) > (1 + 2e')e"|Aij| for all v G Ay, and consequently d(Aij, Ay) > (1 + 2e')e", 
contradicting (fTTj) . We thus conclude that 

I A l7 1 < l + 6 r t < (1 + 2e")i. (13) 

I ijl - i_(i + 2e')e" V y V ^ 

Since | V/| < ei, we have | Uj=i -^lj I = I Vi \ V/l > | Vi | — e£. Using (H"3l) . we now obtain a lower bound 
for \A Xj \, jG [fc-1]: 

I Ay I > (k - 1)(1 - e)t - (fe - 2)(1 + 2e")i - et > (1 - 2fce")t. (14) 

It remains to show that for 2 < i 7^ i' < fc, d{Anu—i), Ai'tk-i)) is small. Write N(vi ■ ■ ■v m ) — 

r\i<i< m N(vi). 

Claim 14. d(A l(k _ lh A t , {k _ 1} ) < 6e" /or 2 <*,»'< fc. 

Proof. Suppose to the contrary, that say d(A( fe _ 1 - ) ( fc _ 1 - ) , A fc ( fe _ 1 j) > 6e". We first select fc — 2 sets 
Aij with 1 < i < k — 2 and 1 < j < k — 2 such that no two of them are on the same row or column 
- there are (k — 2)! choices. Fix one of them, say An, A 2 2, • • ■ , A( fc _ 2 )(fc-2) • We construct copies of 
K k -2 in AnUA22U- • -U A( fe _ 2 )(fc-2) as follows. Pick arbitrary V\ £ An. For 2 < i < k — 2, we select 
Vi G N Aii (vi ■ ■ ■ Vi-i) such that i>i is v3e'-typical to A( fc _ 1 )( fc _ 1 ), Aj.(fe_i) and all Ay, i < j < k — 2. 
By Claim HU1 and (|T0| . there are at least (1 - (fc - 2)v / 3e 7 )|A ii | - 2e"i > t/2 choices for each v % . 
After selecting Vi,... , v^-2, we select adjacent vertices v k -i G A( fe _ 1 )( fe _ 1 ) and w,t G Afc(fc_;n such 
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that Vk-i, Vk G N(vi ■ ■ ■ Vk-2)- For j E {fc — 1, fc}, we know that N(vi) misses at most 2e"t vertices 
in Aj/ k _i\, and at most (fc — 3)\/3e'\Ajt k _i\ | vertices of Ajr^-i) are not in N(v 2 ■ ■ •Vk—i)- Since 
d(Ark-i)i,Aki) > Ge" and e" = 2fcv / e 7 , there are at least 

6e"|.A(fc_ 1 )(fc_ 1 )||v4fc(fc_i)| - 2e"t(|j4(fe_i)(fc_i)| + |^4.fe(fc_i) j) - 2 (A - 3) V3e 7 |^4( fc — i)(fc— i) ||^4fe(fe— i) I 
> (6e" - 4e" - 4(* - 3)V7)|A (fe _ 1)(fe _ 1) ||A fc(fc _ 1) | 

= 12v / e 7 |^4 <J fc_ 1 )(fc_x) | |^4*c*-i> I ^ 6 ^ 2 

such pairs «fe_i,Wfc. Together with the choices of v\ , •• ■ ,v k ^ 2 , we obtain at least (fc— 2)!(|) fe_2 6y/~e't 2 > 
et k copies oi K k , a contradiction. □ 

In summary, by ©, ©, JT5) and (O, we have (1 - 2ke")t < \A V] \ < (1 + 2e")< for all j and j. In 
order to make U 7 =i -^lj a partition of Vi, we move the vertices of V[ to An. Since |y/| < et, we still 
have H^ii'l — t\ < 2ke"t after moving these vertices. On the other hand, by ([7]), ([TTj) . and Claim [Til 
we have d(A«,j4^j) < 6e" < 2fce" for i ^ i' and all j (we now have d(An, A a ) < 2e" for all z > 2 
because \Au\ becomes slightly larger). Therefore H is (2fce", 2fce")-approximate to @fex(fc-i)(0- By 
the definitions of e" and e', 

2fce" = 4fc 2 V7 - 4fcyi6(fc-l) 4 (3e) 1 /2*- 3 < 16fc 4 e 1/2 *~ 2 , 

where the last inequality is equivalent to (^p) 2 3 1 / 2 < 1 or 3 1 / 2 < jrrj, which holds because 

3<l + ^<(l + I i T ) 2 " 1 forfc>2. 

This completes the proof of Lemma [H] □ 



We are ready to prove Lemma [7] 

Proof of Lemma p] First assume that G € G3 (n) is minimal, namely, G satisfies the minimum partite 
degree condition but removing any edge of G will destroy this condition. Note that this assumption 
is only needed by Claim [20l 
Given < A < 1, let 

„fc — 1 

' ' S ■ (15) 



2k \24k(k-l)V2k, 

Without loss of generality, assume that x,y <G V\ and y is noi reachable by a 3 n fe_1 (fc — l)-sets or 
a 3 n 2k ~ 1 (2k — l)-sets from x. 
For 2 < i < k, dehne 

Aa = V,n (N(x) \ N(y)), A tk = Vi n (iV(y) \ JV(x)), 
B,=^n (JV(x) n JV(y)), A l0 = V- \ (N(x) U JV(y)). 

Let B = ljj >2 -Bj. If there are at least a d 'n k ~ 1 copies of K k -i in B, then x is reachable from y 
by at least a 3 n fc_1 (fc — l)-sets. We thus assume there are less than a 3 n fc_1 copies of K k _\ in B. 

Clearly, for i > 2, An, Ai k , Bi and Aio are pairwise disjoint. The following claim bounds the 
sizes of Aik, Bi and Aiq. 

Claim 15. (1) (1 - k 2 a)l < \A a \, \A lk \ < (1 + ka)\ , 



(2) (fc - 2 - 2fca)£ < \Bi\ < (fc - 2 + fc(fc - 1' 

(3) l^ol < (fc + l)an. 



o 



k- 
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Proof. For v € V, and i € [&], write Ni(v) := iV(i;) n V*. By the minimum degree condition, we have 
|-4»i I, \Aik\ < (l/k + a)n. Since Ni(x) = An U Bi, it follows that 

|^|>(^-a)n-(±+a)n. (16) 

If some -Bi, say Bfc, has at least (^p + (k — l)a)n vertices, then there are at least n»=2 1^1 — 
(i - 2) (j + a) ra copies of i^ fe -i in S. By (JTBJ) and |B fc | > (^ + (k — l)a)n, this is at least 



an 



k J v ' \k 

k 



Il( ,L T 1 - a ) n -^-^(l + a ) n 

i=2 

fc-1 

=an • 1 I 

4=2 

>an ' 1 f ( ; ) n because 2k 2 a < 1, 



k 



la n 



i=2 



k 



1 (n\ k - 2 
^ an -2\-k) 
>a 2 n k ~ l because 2k k ~ 2 a < 1. 

This is a contradiction. 

We may thus assume that \P>i\ < (^jr- + (k — l)a)n for 2 < j < k, as required for Part (2). As 
Ni(x) = Aa U B it it follows that 

I Ai| >( k r 1 ~ a)n - (*=2 + (fc - l)o)n = (£ - fca)n. 

The same holds for |Afc| thus Part (1) follows. Finally 

\M = \Vi\- \Ni(x)\ - \A ik \ < n - (*=i - a)n - (± - to)™ = (* + l)em, 

as required for Part (3). □ 

Let t = n/k and e = 2fca. By the minimum degree condition, every vertex u € B is nonadjacent 
to at most (1 + ka)n/k < (1 + e)t vertices in other color classes of B. By Claim [Pol \Bi\ > 
(jfe-2-2fca)g = (k-2-e)t> (k-2)(l-e)t. Thus G[B] is a {k- l)-partite graph that satisfies the 
assumptions of LemmaEl We assumed that B contains less than o?n k ~ x < e 2 t k ~ l copies of Kk-i, 
so by LemmalHl B is (a', a')-approximate to 0(/c-i)x(fc-2)(f), where 

a' :=16(k-l) 4 (2ka) 1 / 2 ^ 3 . 

This means that we can partition Bi, 2 < i < k, into A42 U • • • A(fc-i) such that (1 — a')j < \Aij\ < 
(l + a')§ for 2 <j < fc- 1 and 

V 2 < i < %' < k, 2 < j < k - 1, d(A#, A ( ^-) < a'. (17) 

Together with Claim IT51 Part (1), we obtain that (using k 2 a < a') 

V2<i<k,l< 3 <k, (l-a')f <|A,|<(l + c/)f. (18) 

Let A\- = Vi\ Aij denote the complement of Ay • The following claim is an analog of Claim ITUI 
and its proof is almost the same - after we replace (1 + e)t with (1 + ka)n/k and e' with a' (and we 
use a -C a'). We thus omit the proof. 

Claim 16. Let 2 < i ^ i' < k, 1 < j ^ j' < k, and {j,j'} ^ {1, k}. 

(1) d{Ai h Aiij>) > 1 - 3a' and d(A tl , A c lt : ) > 1 - 3a'. 

(2) All but at most \/3a' vertices in Aij are V '3a' -typical to A41JI ; at most V3a' vertices in A^ 
are y/ 3a' -typical to -A?,.. D 
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Now let us study the structure of V\. Let a" = 2kVc7. Recall that N(xv) = N(x)nN(v). Let V[ 
be the set of the vertices v € V\ such that there are at least an k ~ x copies of K k -i in each of N(xv) 
and N(yx). We claim that |V/| < 2an. Otherwise, since a (k — l)-set intersects at most (k — l)n k ~ 2 
other (k — l)-sets, there are at least 

Ian ■ an k - 1 (an k - 1 - (k - l)n k - 2 ) > a 3 n 2k ^ 

copies of (2k — l)-sets connecting x and y, a contradiction. 

Let Vi :— Vi\ V{. The following claim is an analog of Claim [T^] for Lemma H] and can be proved 
similarly. The only difference between their proofs is that here we find at least an k ~ l copies of K^-i 
in each of N(xv) and N(yv), which contradicts the definition of Vf. 

Claim 17. Given v € Vi and 2 < i < k, there exists j £ [k] such that \N Ai -(v)\ < a"t. □ 

Fix an vertex v € Vi, Claim [T71 implies that for each 2 < i < k, there exists £i such that 
\Na u . (v)\ < a"t. Our next claim is an analog of Claim ITBI for Lemma|H]and can be proved similarly. 

Claim 18. We have i 2 = 4 = • • • = 4- □ 

We now define A xj := {v £ V\ : \N A2j (v)\ < a"t} for j £ [k]. By Claims IT71 and H51 this yields a 

partition of V\ = U 7 "=i Aij su ch that 

d(A lj ,A tJ ) < f'X'A < TT^Tu < (1 + 2 «>" for l > 2 and j > 1. (19) 



For v £ A±j, we have \N Ai . (v)\ < a"t for i > 2. By the minimum degree condition and (Q2 

\A% \ N(v)\ < (i + a)n - (\A %J \ - a"t) < 2a"t. (20) 

By (JTHJ) and (HOI), we derive that 

\A\i\ -2a"t 2a" t 

d(A l3 ,A l3l ) < L^__ < ___ < 3a" for , > 2 and , + /. (21) 

We claim that |Aij| < (1 + a)t + (1 + 2a')a"|Ay| for all j. Otherwise, by the minimum degree 
condition, we have deg Al .(v) > (1 + 2a')a"|Aij| for all v £ Aij, and consequently d(A\j , Aij ) > 
(1 + 2a') a" , contradicting (|19p . We thus conclude that 

w^ i-o'tV ^'^i- (22) 

Since |V/| < 2an, we have | Ui=i Ayl = l^i \ ^i'l — l^il — 2cm- Using (f2"2"j). we now obtain a lower 
bound for |^4y|, j £ [k]. 

| Ay | > n - (fc - 1)(1 + 2a")- - 2an > (1 - 2ka")-. (23) 

/c fC 

It remains to show that d(An, A411) and d(Ajfc, Aj'fe), 2 < i,i' < fe, are small. First we show that 

if both densities are reasonably large then there are too many reachable (2k — l)-sets from x to y. 

The proof resembles the one of Claim [14J 

Claim 19. For 2 < i ^ i' < k, either d(^i,^/i) < 6a" or d(A ik ,A vk ) < 6a". 

Proof. Suppose instead, that say d(Atf c -i)ii Afa), d(A( k -i)ki Akk) > 6a". Fix a vertex V\ in Aij, for 
some 2 < j < k — 1, say v\ £ A\2- We construct two vertex disjoint copies of K^-i in N(xv\) and 
N(yvi) as follows. We first select k — 3 sets A^- with 2 < i < k — 2 and 3 < j < k — 1 such that 
no two of them are on the same row or column - there are (k — 3)! choices. Fix one of them, say 
A 2 ^ 1 • • • ) A^_2)(k-i)- For 2 < i < k — 2, we select Vi £ N A (v\ ■ ■ -t^-i) that is V3a'-typical to 
A(k_x)x, Aki and Aj^ +1 ^, i < j < k — 2. By Claim [TBI and (|20)) . there are at least 

n n 

I- > — 
fc - 2k 



(1 - (fc - 2) 73a 7 ) | A i(i+1) | - (fca + a' + a") - > 
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such Vi. After selecting V2, ■ ■ ■ ,v k -2, we select two adjacent vertices Vk-i G ^4(fc_i)i and v k G A k \ 
such that Ufc-i and v k are in N (vi • • • Vk-2) ■ For j = k — l,k, we know that N(vi) misses at 
most (ka + a' + a")n/k vertices in Aj\ and at most (k — 3)\ / '3a'\Aji\ vertices of Aj\ are not in 
N(v2 ■ ■ ■ Vk-2}- Since d(A( k _ 1 * )1 , Aki) > 6a" , there are at least 

6a"| J 4(fc-i)iPfci|-(fca + a' + a")~(\A (h _ 1)1 \ + \A kl \) 



1 / Tl\ 

-2(* - 3)V3a 7 \A {k _ 1)1 \\A kl \ > 67a 7 (-J 



2 



such pairs v k _i,v k . Hence N(xvi) contains at least 

k— 3 , / rj \ 2 , / n \ k — \ 



<*-»"(£) «^(i)^(i) ^ 



<m fe ~ 



copies of -fCfc_i. Let C be such a copy of -K&-1- Then we follow the same procedure and construct 
a copy of Kk-i on N(yv\) \ C. After fixing k — 3 sets Aij with 2 < i < k — 2 and 3 < j < fc — 1 
such that no two of them are on the same row or column, there are still at least ^ such Vi for 

2 < i < k — 2. Then, as d(Ay-, ^4,'fe) > 6a", there are at least 6v / o 7 (f ) choices of Ufc-i € ^.(fe-i)fc 
and Wfc € Afcfc such that «fc_i and Wfc are in N(v\ ■ ■ -Vk-2)- This gives at least y/an k ~ 1 copies of 
Kk-i in N(yvi). Then, since there are at least \V\_\ — \Au\ — \Ai k \ > an choices of v\, totally there 
are at least an( y /an k ~ 1 ) 2 — a 2 n 2k ~ 1 reachable (2k — l)-sets from x to y, a contradiction. □ 

Next we show that if any of d(An, Ai'i) or d(Ai k , A^k), 2 < i,i' < k, is sufficiently large, then we 
can remove edges from G such that the resulting graph still satisfies the minimum degree condition, 
which contradicts the assumption that G is minimal. 

Claim 20. For 2 < i ^ i' < k, d{Ai,A vl ) i d(Ai h ,A i i k ) < 6kVa". 

Proof. Without loss of generality, assume that d(A 2k ,A 3k ) > 6fc\/a". By Claim fl9| we have 
d(A 2 i,A 3 i) < 6a". Combining this with (fl7]>. we have d(A 2l ,A 3j ) < 6a" for all j € [k- 1]. Now fix 
j € [k— 1]. The number of non-edges between A 2 j and A 3 j satisfies e(A2j,A3j) > (1 — 6ck") | Aaj 1 1 j4.3j | - 
By the minimum degree condition and (jf 81) . 

n n 

e(A 2k ,A 3l ) < (1 + ka)-\A 3] \ - (1 - 6a")\A 2j \\A 3j \ < la"-\A 3j \. 

Using (HHJ) again, we obtain that 

d(A 2k ,A 3j )>l- a *7 J >l-8a". 
\A2k\\A 3: j\ 

This implies that d(A 2k , A c 3k ) > l-8a". Similarly we derive that d(A 3k , A c 2k ) > l-8a". For i = 2,3, 
define Af k as the set of the vertices in A ik that are v / 8o"-typical to A? 5 _ i - )k . Thus \A ik \ Af k \ < 

V8^\A ik \. 

Let A% = {v e Af k : deg A ^_ i)k (v) < VW\A* k \} and Aft = Af k \ Aft . For u € A%, we have 

deg V3 (u) = deg A cJu) + deg A3k (u) > (1 - y/W)\A% k \ + VSo 77 ^ = \A c 3k \. 

Since \A^ k \ > degy (x) and \A^ k \ is an integer, we conclude that degy (u) > degy 3 (x) + 1. Similarly 
we can derive that degy 2 (v) > degy 2 (x) + 1 for every v G ^4 3 | ■ If there is an edge uv joining some 
u G A^l and some v £ A^, then we can delete this edge and the resulting graph still satisfies the 
minimum degree condition. Therefore we may assume that there is no edge between A 2k and A 3k . 
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Then 

e{A 2kl A 3k ) < e(A 2k \ A% k , A 3k ) + e{A 2kl A 3k \ Aj k ) + e(A%,J% k ) + e(^,A^) 

< 2Vs^\A 2k \\A 3k \ + \A%\V8^\A c 3k \ + \Af k \V8a^\A^\ 

< V8^ (2\A 2k \\A 3k \ + \A 2k \\A c 3k \ + \A 3k \\A c 2k \) 
= V8^{\A 2k \\V 3 \ + \A 3k \\V 2 \) 

< SV^ ■ 2k\A 2k \\A 3k \ by dTHJ. 

Therefore d(A 2k , A 3k ) < 6kVa". □ 

In summary, by JTSJ, ^22j) and ([23]), we have (1 - 2fea")f < \A l3 1 < (1 + 2a")f for all i and j. In 
order to make Ui—i -^*j a partition of Pi, we move the vertices of V{ to An and the vertices of A^ to 
A i2 for 2 < i < A;. Since \V{\ < 2an and |A j0 | < (k + l)an, we have ||Ay| — || < 2ka"\ after moving 
these vertices. On the other hand, by (ITTl) . (fl9j) . and Claim [20l we have d(Aij,Ai>j) < Sk^fa" for 
i y^ i' and all j. (In fact, for i > 2, we now have d(An,Aji) < 2a" as we added at most 2cm 
vertices to An. For i' > i > 2, we now have d(Ai2,Aj2) < 2a" and d(Aj2,Aj'2) < 2a' as we 
moved at most (k + l)an vertices to Ai 2 .) Therefore after deleting edges, G is (2ka" , 6/cvo")- 
approximate to ®kxk{n/k). By flTSj) . and the definitions of a" and a', G is (A/6, A/2)-approximate 
to e kxk (n/k). D 
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